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Sufficient conditions for linear electrodynamics with real Dirac field are 
derived. 
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1. INTRODUCTION 
Theory of real Dirac field interacting with the electromagnetic field has been 
put forward in the article [1].Depending on the solutions of Lagrange's and canonical 
equations of the real Dirac field one may establish either linear electrodynamics with 
the real Dirac field or nonlinear electrodynamics with the real Dirac field.Only those 
solutions of canonical equations that represent the origin of linear electrodynamics are 
concerned in this paper. 
 
2. REAL DIRAC FIELD WITH THE ELECTROMAGNETIC 
INTERACTION 
 The Lagrange’s variable of the real Dirac field Φ is an eight-component spinor 
matrix Φ , 
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,where iΦ  (i=1,2,...,8) are real field functions and the four-vectors αA  and βC  are the 
Lagrange’s variables of the electromagnetic field. 
The Lagrangian density that defines the real Dirac field with the electromagnetic 
interaction is given by [1] 
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where  µη= µAK
ea  , 2mcK =  , =
mc=κ ,e is a given point charge,                       (2) 
Φ=Ψ D   ,  =D αα η∂  ,                                                     (3) 
and µη  are square matrices defined by  
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Matrices µη  satisfy the relation  
                                     αβαββα =ηη+ηη g2                                                  (5) 
                   ( 0g,1gggg 33221100 ==−=−=−= µν  for ν≠µ ) 
and one can easily deduce from it  
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The Lagrangian density that describes the system electromagnetic field + real Dirac 
field reads 
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                                     αα∂= AG   ,  αα∂= CF                                             (9) 
and DIL  is given by (1). 
Since F and G are scalars one can take F=0 , G=0. 
In this case the Lagrange’s equation for αA  is given by  
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The Lagrange’s equation for Φ reads 
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The conjugate momenta to Φ  and +Φ  are respectively 
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Due to the relation 
                                              0jj0 ηη=ηη +                                                 (14) 
one obtains 
                                               +ΦΦ Π=Π +                                                 (15)  
The Hamiltonian density that is deduced from (1) reads 
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Canonical equations of the real Diac field with the electromagnetic interaction are  
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Since the equation  (18) can be formally obtained from  (17) as well as the equation 
(20) from (19),then it suffices to consider the system of two canonical equations (17) 
and (19). 
 
3. CLASSIFICATION OF THE SOLUTIONS OF CANONICAL 
EQUATIONS 
 In order to classify the solutions of the system (17) and (19) one can make use 
of the system of square matrices 8x8 with real elements that commute with the 
matrices αη  (defined by (4) ) and have their inverse matrices.Any matrix Z of this 
system satisfies the relations: 
                                                ZZ αα η=η                                                 (21) 
                                                1Z2 −=                                                     (22) 
                                                 +− = ZZ 1                                                   (23) 
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After multiplying by κZ  the equation (17) from the left one obtains                          
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where use has been made of (21). 
Application of the properties (21) and (22) to the equation (19) gives 
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If one subtracts the equation (17’) from the equation (19’) one obtains 
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If general solution of partial differential equation (24’) is gX  and if general solution 
of partial differential equation (25’) equals gY  then due to (26) and (27) general 
solution of the system (17) and (19) reads 
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Since the equations (24’) and (25’) are homogeneous partial differential equations 
then there exists for each of them trivial solution: 
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If both X and Y vanishes then 0
K
c =Φκ=Π +Φ .This case is of no physical interest. 
Physically meaningfull special cases to be considered are: 
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In the case I) the equations (17) and (19) become 
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Note that in this case Lagrange’s equation (11) acquires the form of the equation 
(19a). 
If the solutions of (17a) are inserted into (1) one gets 
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where use has been made of the property ZZ −=+  that can be derived from (22) and 
(23). 
The current density four-vector is generally given by      
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In the case I) one obtains  
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and the current-density four-vector becomes 
                                                 ΦηΦκ= αα 2ce2j                                        (35) 
Therefore in the case I) the Lagrange’s equation for αA  (10) acquires the following 
form 
                                             ΦηΦκπ=∂∂ ααµµ 2e8A                                    (36) 
So in this case the behaviour of the system electromagnetic field+real Dirac field is 
determined by the equations (17a) and (36) (or by the equations (19a) and (36) ). 
According to (34) the current density four-vector is generally constructed by the real 
spinors ΦΦ D,  and the electromagnetic field functions αA .Thus the Lagrangian 
density (7) and from it derived equations (10),(17),(19) establish in general the theory 
of nonlinear electrodynamics with real Dirac field.In contrast the equations (17a) and 
(36) are basic equations of linear electrodynamics with real Dirac field. 
In the case II) the equations (17) and (19) become 
                                          0Z)a1(D =Φ+κ+Φ                                       (17b) 
                                          0)a1(DZ =Φ+κ−Φ                                       (19b) 
and Lagrange’s equation (11) acquires the form of equation (19b).If the solutions of 
(17b) are inserted into (1) one obtains  
                                                  0)( IIDI =L  
In the case II) the current density four-vector is also given by (35) and the behaviour 
of the system electromagnetic field+real Dirac field is determined by the equations 
(17b) and (36) (or by the equations (19b) and (36) ).Therefore the equations (17b) and 
(36) are also basic equations of linear electrodynamics with real Dirac field.The case 
II) is equivalent to the case I). 
As it is the case in classical theory the equations (17a) and (36) (or the equations 
(17b) and (36) ) imply the appearance of the self-interaction because particular 
solution αpA  of equation (36) is determined by real Dirac field Φ .Effects of the self-
interaction are to be reduced to the radiation effects [2]. 
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4.CONCLUSIONS 
 
 Lagrangian density (1) defines the real Dirac field with the electromagnetic 
interaction and implies the existence of: 
 
A) nonlinear electrodynamics with real Dirac field 
B) linear electrodynamics with real Dirac field  
  
The relations (32) and/or (33) are sufficient conditions for linear electrodynamics with 
real Dirac field. 
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